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Introduction

Motivation
In the last decades, a significant number of studies on computational homogenization and micro mechanical modeling of materials have been conducted. Several important contributions have been made to the field where we highlight the pioneering work of Hill (1984) on some basic principles of homogenization, the work of Moulinec and Suquet (1998) formalizing the homogenization approach for nonlinear composites, and more recently, the work of Temizer and Wriggers (2008) proposing a contact homogenization methodology. The potential contribution of micromechanical modeling to the understanding of the physics of certain materials, the deformation mechanisms and the damage process can be extremely important. Furthermore, micromechanical modeling can also be an important design tool to tailor new materials. For example, in the case of unidirectional fiber reinforced composites, it can establish a relation between the effect of the random distribution of fibers with the effective properties. In addition, the micromechanical modeling approach combined with homogenization techniques provides a more hypothesis-free strategy to describe the macroscopic behaviour of materials than other classical methods. Since it can replicate the non deterministic nature of materials considering random generated microstructures, it is also more suitable for reliability studies. Hence, computational homogenization is a very powerful and promising tool. However, it is a complex and demanding field, because.
• It requires a statistically accurate generation of the geometry of the models, which should reproduce the true random nature of the microstructure of real materials.
• The geometrical complexity can result in extremely expensive computationally problems or difficult to mesh by automatic procedures.
• It is hard (or not possible yet) to access the precise morphology, or access the constitutive laws and properties of the materials at the microstructure. For instance, the interface transition zone (ITZ) in concrete, described by Scrivener et al. (2004) , remains an important issue of research.
• The homogenization strategy for nonlinear regimes is still on debate by the scientific community.
• The simulation of microstructures conducts to significant amounts of data and calculation errors which are difficult to manage automatically.
The above reasons justify why a large amount of homogenization research work only deals with simple, isotropic, two phase RVEs, based on a matrix reinforced (or weakened) by disk or spherical inclusions.
Practical applications and RVE size
Practical applications impose restrictions on the morphology of the RVE due to the lack of information of the micro structural geometry or the inability to manage the complexity of the geometry. Because of these reasons, the level of detail of the micro structure, the geometrical features of the inclusions, the size of the RVE, and other simplifications should be carefully decided. In fact, there is a well known compromise between RVE size, accuracy and computational time to perform the simulations. For instance, in the case of unidirectional fibre reinforced composites (FRC), periodic considerations of simplistic RVE structures, assuming a hexagonal periodic distribution, can be successfully employed for some specific proposes, but it has been shown (see for instance ) that they cannot capture important characteristics related to the distribution of the micro fields in the material (e.g. probability of failure). The size of the RVE depends on the physical properties to homogenize. For instance, in a study of homogenization of a two-phase three dimensional Voronoi mosaic (see Kanit et al. (2003) ), it is shown that the RVE size differs if the thermal conductivity or elastic properties are considered. Also has found that for a typical unidirectional carbon fiber-reinforced composite (considering the transverse plane), the minimum RVE size is related to the chosen physical properties to consider, such as, similarities in the distributions of stress or strain in the matrix, elastic properties, average deformation energy, etc. In the literature, some studies investigate the minimum RVE size for specific materials and applications. For instance, the work of Drugan and Willis (1996) attempts to determine the minimum RVE size associated to the effective modulus of a two phase random material composed by a dispersion of non overlapping identical spheres. The work of establishes the minimum RVE size for unidirectional FRC according to the geometry and micro field criterion. Kanit et al. (2003) provides a good review of the methodologies proposed to define the minimum RVE size.
Fluctuations of results, RVE size and morphology
The relation between the fluctuation of results and the geometry of the RVE constituents has been addressed for some particular cases. Ostoja-Starzewski (1999) considered 2D RVEs based on a matrix with thin needleshaped inclusions to obtain homogenized elastic properties. Considering a constant range of fluctuations on the homogenized properties it was observed that the required size of the RVE depends on the aspect ratio of the inclusions. Ren and Zheng (2004) and Ren and Zheng (2002) considered 2D RVEs based on polycristals and determined a relation between the size of the RVEs and the level of anisotropy of single crystals.
Attempts to reduce the size of the RVEs
In order to reduce the size of the RVEs required to perform homogenization, some methodologies have been proposed. Zeman and M.Sejnoha (2001) considered laboratorial images of a unidirectional FRC of graphite, and used an optimization technique to generate a small volume of the geometry. This element of volume tends to be more representative than a volume extracted from the original images with the same size at a random position. In Gusev (1997) and Kanit et al. (2003) , effective properties have been obtained using a large amount of smaller samples (Monte Carlo method) than the representative RVE and considering the main statistics.
The morphology of the RVE and the distribution of the effective properties
The strategy to obtain the effective properties, using the Monte Carlo method with a large amount of runs, consists of estimating the expected properties of the RVE as average values obtained for a large amount of samples. The strategy is in agreement with the central limit theorem, which is valid for a large amount of samples. The central limit theorem assumes that if a random variable Y is defined as average of an amount of n random variables X i (1 ≤ i ≤ n) with any type of distribution, then Y tends to a normal distribution as n tends to infinity, with the same expected value as X i . However, the rate at which the variable Y approximates the normal distribution depends on the type and dispersion of the random variables X i . If the overall homogenized properties are considered as random variables, then the relations between the statistical distributions of those variables and the parameters of the RVE (geometry of inclusions, volume fraction, etc.) can be very important in this context. These relations can provide the roots to a more direct connection between morphology and representativeness of the RVEs. This would allow for a better understanding of the stochastic behaviour of materials, when associated with the morphology. As the RVE size (to obtain a scatter within a given tolerance) and the geometry seem to be related in some cases, it might be possible to establish a relation between the type and parameters for the random distribution associated with the effective properties and the morphology of the RVE.
The distribution of homogenized properties and reliability of the materials
The connection between the properties of the inclusions and the variability of the homogenized material properties can be used for reliability design proposes. Furthermore, the distribution of the extreme stress and strain values at the finer scale (responsible for certain damage mechanisms), for a given set of RVEs, is probably dependent on the morphology of the components. Then, for tailored materials, it could be an interesting issue to associate the geometry of the constituents with the reliability of materials, developing for instance parametric failure, yielding, or other threshold criterion.
Outline
In this work, we start by developing a general framework that generates and simulates RVEs (in 2D and 3D). This framework is described in Section 2. The assessment and validation of the framework, which is presented in Section 3, includes the selection of an appropriate mesh refinement and the comparison of results with classical analytical models. Sections 4 to 7 report a comprehensive set of experiments on RVEs based on disc inclusions randomly distributed on a uniform matrix. In particular, in Section 4, the type of stochastic variable that is associated with the overall homogenized elastic property of a randomly generated RVE is investigated. Section 5 illustrates how the mismatch of stiffness between matrix and inclusions can affect the spread of the homogenized properties. In Section 6, a thin interface layer that surrounds the inclusions is considered, and the influence of such interface on the overall properties is investigated. Section 7 compares the dispersion of the overall properties using models of two or three dimensions. The conclusions of the studies are summarized on Section 8.
Test set-up and implementation issues
In this section, the framework developed to generate RVEs of the micro structure of the material and the computation of the overall properties is described. The computational implementation within the commercial software ABAQUS is briefly explained.
Material scales and homogenization
A particular material can be often described by a model, with more or less assumptions, in accordance with the 'level' of chosen detail. For instance, a conventional steel alloy can be considered as a continuous and homogeneous material at the scale of the human eye. However, if the microscopic scale is used, the material is far from being homogeneous due to the presence of different constituents and phases. Homogenization based multi-scale models aim to describe the material behaviour at multiple scales simultaneously. By performing the homogenization of different fields, it is possible to connect two different scales of the material. The homogenization strategy complies with certain assumptions, e.g. the energy of deformation should be the same at the two scales, in order to convert variables from one scale to the other.
RVE type and average quantities
In the literature, several shapes for the RVE have been advocated. Nevertheless, in this work, the shape of the RVE considered is either a square (in 2D) or a cube (in 3D). If the RVE is copied in a grid pattern, defined by the directions and length of the edges, it should produce a repetitive medium. For any field of variables, the average quantities of the RVE can be obtained according to Xia et al. (2003) using expression (1).
In expression (1), Ω µ represents the domain of the RVE and V µ the volume occupied by that domain.
Hill-Mandel principle, kinematic restrictions and equilibrium
As mentioned before, the conservation of deformation energy between scales is usually considered. This is also known as the Hill-Mandel principle, given by:
In equation (2), P refers to first Piolla-Kirchhoff stress tensor, F represents the deformation gradient, where the presence of index µ indicates lower scale quantities, while the bar indicates the upper scale quantities. On the other hand, the deformed position of a particle at position Y in the RVE around a point X can be expressed as:
In equation (3),F(X, t) denotes the deformation gradient around the point X at the upper scale. ThereforeF(X, t)Y represents the homogeneous component of the deformations, andũ(Y, t) represents the displacement fluctuation at the finer scale. The equilibrium conditions of the RVE, expressed in the strong form, are defined by:
In expressions (4) and (5), Div Y represents the divergence with respect to the reference position Y, B µ is the body force per unit reference volume, T µ is the traction per unit reference area on the boundary surface having the normal direction N. The equilibrium of the RVE can be expressed in the weak form using the virtual work principle, which leads to:
In expression (6), η is any virtual admissible displacement field.
Periodic Boundary Conditions
In order to comply with the Hill-Mandel principle, the kinematic restrictions and the equilibrium conditions (Equations (2) to (6)), one of the classical boundary conditions can be considered:
• Taylor assumption;
• Linear displacements on the boundary;
• Periodic displacements and anti periodic tractions on the boundary;
• Uniform traction on the boundary.
The last three types of boundary conditions have an asymptotic convergence of the homogenized properties as the size of the RVE increases (Miehe (2003) ). Nevertheless, the boundary condition that enforces periodic displacements is the one that is able to produce better results in the linear regime according to several studies (Terada et al. (2000) , Miehe (2003) ). Therefore, the periodic boundary condition was the one employed in the current study. This boundary condition assumes that in the boundary, the fluctuations of displacements at the finer scaleũ(Y, t) are periodic. In a more explicit sense, the displacement on a pair of opposite boundary surfaces (with their normals along the Y i axis) is given by expressions (7) and (8) according Xia et al. (2003) :
In expression (7), the index j+ means along the positive Y j direction and the index j− means along the negative Y j direction. The difference between equations (7) and (8) leads to equation (9) (Xia et al. (2003) ).
In equation (9), ∆y j k is constant, and represents the edge length of the RVE in the direction j.
Discretization and implementation on ABAQUS
The enforcement of periodic boundary conditions on ABAQUS was implemented using linear constrains equations between the degrees of freedom. The equation constrains in ABAQUS allows to implement equation (9) directly on opposed boundary nodes. If the boundary nodes do not exactly match the opposite ones, then those nodes are related, with the nearest ones on the opposite face, through interpolation and again equation (9). Alternative strategies for the enforcement of periodic boundary conditions on non conform meshes can be found in Tyrus et al. (2007) , Nguyen et al. (2012) , Reis and Andrade Pires (2014) .
Algorithm used to generate the RVE
In order to generate the geometry of the model, a classical general algorithm, the so-called random sequential addition (RSA) (Widom (1966) ), was adopted. In this algorithm, the fist inclusion is inserted in a random position of the matrix. Then, the next inclusions are introduced sequentially one by one in a random position such that they do not overlap the ones already placed in the RVE (this is usually achieved by trial and error approach). If there are no modifications to the original algorithm (e.g. domain decomposition), then as the number of inclusions increases, the computational time increases in a factorial order (O(n!)). This happens because when a new inclusion is inserted, the overlap with all other particles has to be verified. Despite the availability of more efficient algorithms (see for instance Melro et al. (2008) or Wongsto and Li (2005) ), the RSA algorithm was selected due to its simplicity, general purpose and guarantee of generation of a perfectly random distribution by construction. As stated in Section 2.2, the material portion with the form of a square or cubic domain, should be able to create a medium without discontinuities on the inclusions, as the RVE is placed in a orthogonal regular mesh. In order to fulfill this criterion, the RSA algorithm is slightly modified: when an inclusion is placed randomly, copies of the same inclusion are also placed attending to the periodicity of the medium and the boundary. Therefore, the verification of overlapping also has to be verified for all copied instances. The modified RSA algorithm adopted is presented in Figure 1 .
Strategy used to compute the overall elastic properties
The macroscopic elastic properties are obtained from the constitutive elastic matrix, which is obtained from a set of stress strain-pairs. For a given RVE, different strain states are applied independently using the periodic boundary conditions, defined by expression (9). For each of those strains, the stress state is computed using the FEM method, and converted into homogenized stress using the average definition described in expression (1). Considering the fact that the constitutive elastic matrix and each of the stress-strain pairs, should be in agreement with relation (10), the constitutive elastic matrix can be obtained.
In relation (10), σ is the stress tensor, ε is the strain tensor and C is the constitutive elastic matrix. Assuming a generic anisotropic material, the constitutive elastic matrix is given by:
In expression (11), E is the elasticity modulus, ν is the Poisson ratio and G the shear modulus. The sub-indexes stand for the direction associated with each variable. Considering the symmetry of the matrix
E2 . This implies that, in the 3D case, nine coefficients of the C matrix are not known and six on the 2D case.
Work flow of the implementation
The flowchart of the general framework, which generates RVEs and computes homogenized properties in the commercial software ABAQUS and MATLAB, is presented in Figure 2 .
In the first step, MATLAB is used to run scripts that allow the generation of the geometric definition of the micro structure of the RVE. Then, MATLAB calls ABAQUS which uses a Python script to generate a working model (mesh, boundary conditions etc.), and proceeds to the FEM stress strain analysis. From the obtained stress state, the homogenized stress is computed (using a Python script) and then retrieved back to MATLAB. Finally, MATLAB is used to compute the elasticity matrix and the homogenized elastic properties of the overall RVE. 3 Validation of the framework
Parameters of the RVE
The materials properties (elasticity modulus and Poisson ratio) are gathered from a set of the World Wide Failure Exercise for E glass/MY750/HY917/DY063 but the volume fraction reduced, see Soden et al. (1998) . The parameters considered for the RVE analysis, are given in Table 1 . In this table, the index i stand for inclusion, the index m stands for matrix, L is the size of the edge of the RVE and V f is the inclusion volume fraction. The scalar E is the elasticity modulus and ν is the Poisson ratio.
Mesh refinement
Since this example aims to evaluate the dispersion of the homogenized properties due to geometrical factors, it is very important to reduce the contribution of the calculation errors. Otherwise, the dispersion of the homogenized properties will be biased. Therefore, in order to control the precision of the results due to the refinement of the mesh, a single geometrical definition of the RVE was used to generate models with different mesh sizes, and compute the elastic properties with different mesh sizes. Each of the meshes is discretized essentially by quadrilateral elements and a small fraction with triangular elements. The homogenized properties corresponding to each mesh and the relative error with regard to the most refined mesh are given in Tables 2 and 3 Table 3 : Estimated error for the elastic properties considering mesh 7 as reference.
Considering the results obtained and the compromise between calculation time and precision, the mesh selected to perform the tests of this section was Mesh 6. That mesh is depicted on Figure 3 , and a detail of the mesh in Figure 4 .
Analytical models and bounding limits
In order to assess the liability of the results, the Hashin-Shtrikman (see Hashin and Shtrikman (1963) ) models have been used. Expression (12) considers an extreme situation, where the phases of the materials have a series arrangement, which provides a lower limit E s for the elasticity modulus. On the other hand, expression (13) considers the other extreme situation, where the phases of the materials have a parallel arrangement, that provides a upper value E p for the elasticity modulus.
In expressions (13) and (12), index i stands for the inclusions and the index m stands for matrix. The scalar V represents the volume fraction while E represents the elasticity modulus. For a better approximation, the classic Halpin-Tsai model (see Halpin and Kardos (1976) ) that estimates the elastic properties has been used. According to this model, a property P can be estimated by: 
In expressions (14) and (15), P is an arbitrary property to estimate (e.g. elasticity modulus or Poisson ratio) and n is a temporary variable. The parameter ξ is a fitting factor, which usually takes the value of 1 if P is the elasticity modulus or 2 if P is the Poisson ratio. The results obtained, considering the specified parameters on Table 1 , and using different numerical and analytical calculation techniques, are listed in Table 4 : Estimation of the parameters according to the analytical models Hashin-Shtrikman (Hashin and Shtrikman (1963) ) and Halpin-Tsai (Halpin and Kardos (1976) ).
Distribution fitting
The homogenized elastic properties of an RVE, based on disk inclusions randomly distributed, are considered as stochastic variables. Those properties are usually assumed as normal or Gaussian variables. This hypothesis will be tested in this section. Therefore, 500 samples of RVEs with fixed parameters were generated and the homogenized properties computed, using the framework described in Section 2. The results obtained are illustrated in the histograms of Figures 5 to 9. The main statistics are presented in Table 5 . In order to ensure the correct fitting of the sample results data to the distribution of the random variable, an hypothesis test was performed. The null hypothesis (H 0 ) considered was the following: the random variable corresponding to a given parameter is described by a certain distribution of probability (Normal and t-Student was tested), in contrast to the hypothesis that the random variable does not follow that distribution. The hypothesis test estimates the probability of obtaining such (or more extreme values) than the ones given by the sample results statistics, and considering the null hypothesis true. The χ 2 of good fitting test (see for instance Gibbons and Chakraborti (2003) ) was used. The obtained p-values presented on Table 6 , correspond to the desired probability. For the Normal distribution with regard to E 1 , E 2 and G p-values inferior to 5% (significance level α) were obtained wich means that the null hypothesis can be rejected safely. However, for the Poisson ratio ν 21 and ν 12 , the p-value obtained is higher than 5% which does not allow to reject the null hypothesis safely. For the t-Student distribution the p-values values are all higher than 5%, which means that the null hypothesis cannot be safely rejected, for any of the parameters. From these results it is possible to conclude that the Normal variable is not appropriate to characterize the distribution of the homogenized Elasticity modulus and Shear modulus. Furthermore, it can be concluded that the t-Student variable can provide a reasonable approximation, better than the Normal variable.
Influence of the relation between the elasticity modulus of the constituents
The influence of the relation between the elasticity modulus of the constituents on the dispersion of the overall homogenized properties was studied. Four basic configuration types, for the RVE described according the data presented on the Table 7 , were considered. The elasticity modulus of the matrix (E m ) is kept constant while the elasticity modulus of the inclusions (E i ) is variable. This leads to a variable ratio E i /E m . For each basic type of configuration, five random models are generated and then different materials properties are assigned. The results obtained for configuration 1, are summarized in Figures 10 and 11 . For the other configurations, the same pattern of behaviour was observed. It can be concluded that the predictions of the numerical models are in agreement with the Halpin-Tsai model. Furthermore is possible to verify that for the Elasticity modulus all curves have the same shape and only intercept at the origin, forming a family. This indicates that fitting parameter ξ is strongly affected by the geometry of the RVE, but not (or very weekly) affected for the elasticity of the constituents. In this way, the Halpin-Tsai model can be used to estimate the dispersion of the homogenized elastic properties when the elasticity modulus of the constituents changes.
Influence of a thin interface surrounding the inclusions
Many materials have (at a fine scale) a thin interface layer surrounding the inclusions. This happens with concrete aggregates where a thin layer forms around the aggregates, which is called interface transition zone (ITZ), and is composed by an heterogeneous phase of small particles of cement. In order to provide insight on how this interface layer can affect the overall elastic properties, a study with different layer thicknesses and stiffnesses was performed. The objective was to encompass a wide set of possibilities, in order to obtain general conclusions about that effect, and do not rely on a specific material. Realistic properties have been assumed for the matrix and volume fractions according to Table 8 . In Figure 12 , the geometry of one of the models with disk inclusions surrounded by a thin interface layer and a detail of it are represented.
The parameters: ratio between elasticity of the overall RVE and matrix E 1 /E m , ratio between thickness of the interface and radius of inclusions t/R and the decimal logarithm between elasticity on the interface and on the Table 7 : Parameters of the used RVE, for the different configurations tested. matrix log(E l /E m ) have been used. These dimensionless variables have been chosen in order to characterize the effect of the interface on the overall stiffness in a general manner, i.e. independently of the material. In Figure 13 , the results obtained due to uniform variations of t/R and log(E l /E m ) use the same random distribution of inclusions. The plot on Figure 13 shows that the relation between variables is nonlinear. It can also be observed that the rate of variation increases with the reduction of the thickness and interface stiffness. It can be concluded that the relation between the overall homogenized Elastic modulus and the parameters of the interface (i.e. elasticity and thickness) is highly nonlinear and very sensible to both parameters, especially for lower values of thickness and stiffness. This can be an important factor to consider when preforming simplifications on this type of RVE, e.g. use a different thickness of the interface layer to replace the real one. 
Numerical Experiments on Three Dimensions
In order to compare the distribution of the homogenized elastic properties between two dimensional models and three dimensional models, 50 RVE for each dimension under analysis have been generated. The properties considered for all the RVE models are described in Table 9 . The plots of Figures 14 and 15 show the von Mises stress Table 10 : Main statistics of the homogenized elastic properties for 50 RVE in 3D and 2D.
Conclusions
A general framework that is able to generate 2D and 3D FEM models of arbitrary RVEs and compute homogenized elastic properties has been developed. In that framework, the geometry of the models is generated using a RSA algorithm. To perform homogenization, the classical periodic boundary condition has been employed. The implementation of the framework was done with the commercial softwares ABAQUS and MATLAB, using Python and MATLAB scripting languages. The overall homogenized elasticity modulus and Poisson ratio, of a randomly generated 2D RVE based on disk inclusions, was computed using the numerical framework and two classical analytical models: the Hashim-Shtrikman limits and the Halpin-Tsai equations. The results obtained with the analytical models successfully validated the results obtained with the framework developed. A total of 500 RVEs under plane strain have been generated and the overall elastic properties computed. The generated RVEs are composed by a set of disk inclusions randomly distributed on a uniform matrix. Considering the obtained data and using an hypothesis test, it can be concluded that, the homogenized elastic modulus and shear modulus distributions, do not result from a Normal random variable. It was also concluded that for the obtained distributions, a t-Student random variable could be more appropriate than the Normal variable. The influence of the relation between the elasticity modulus of the materials on the overall homogenized elastic properties random variables was analysed. The possibility of establishing relationships between those variables and the classical analytical model Halpin-Tsai was analysed. Four types of RVE (plane strain, homogeneous matrix with disk inclusions) have been considered and for each of those types, five different RVEs have been generated. For each RVE, the ratio between the elasticity modulus of the matrix and the inclusions was changed according several different values and the homogenized properties computed. The obtained data shows that the dispersion of the results increases as the ratio between the elasticity modulus differs from 1. Additionally, it can be concluded that for each RVE geometry, the homogenized properties can be fairly predicted using the Halpin-Tsai model. It can also be concluded that the accurate fitting parameter ξ of that model is essentially influenced by the geometry of the RVE and almost insensitive to the ratio between the elasticity modulus of the constituents. Therefore, the Halpin-Tsai model can provide a reasonable approximation to the spreading of the homogenized elastic properties when the ratio between the elasticity modulus of the constituents changes. The sensibility of the values obtained, for the RVE overall elastic properties, to variations on the interface layer that surrounds the inclusions was investigated. To this end, the same distribution of inclusions was adopted, and variations on the stiffness and thickness have been performed on the interface layer, and homogenized elastic properties computed. The results obtained show that the influence of those parameters is nonlinear and there is a very high sensibility of the overall elastic modulus for low values of thickness and stiffness, which can be an important factor to consider to estimate the dispersion of the results of a specific type and size of RVE. It is also important to consider this high sensibility when performing simplifications on this type of models at the interface, e.g. use different thickness for the interface layer to replace the real one. In order to compare the distributions of the homogenized elastic properties for two and three dimensions, a total of 30 RVEs on 2D(plane strain) and 3D with same volume fraction have been generated and analyzed using the framework described in this paper. It was possible to conclude that the Normal distribution does not have a good fitting with the results. The dispersion obtained for the 2D models was higher than the one obtained for 3D models.
